Advancement in astronomical observations and technical instrumentation requires coding light propagation at high level of precision; this could open a new detection window of many subtle relativistic effects suffered by light while it is propagating and entangled in the physical measurements. Light propagation and its subsequent detection should indeed be conceived in a fully relativistic context, in order to interpret the results of the observations in accordance with the geometrical environment affecting light propagation itself, as an unicum surrounding universe. One of the most intriguing aspects is the boost towards the development of highly accurate models able to reconstruct the light path consistently with General Relativity and the precepts of measurements. This paper deals with the complexity of such a topic by showing how the geometrical framework of models like RAMOD, initially developed for astrometric observations, constitutes an appropriate physical environment for back tracing a light ray conforming to the intrinsic accuracy of space-time. This article discusses the reasons why RAMOD stands out among the existent approaches applied to the light propagation problem and provides a proof of its capability in recasting recent literature cases.
INTRODUCTION
The treatment of light propagation in time-dependent gravitational fields, as the surrounding universe, is extremely important for astrophysics, encompassing issues from fundamental astronomy to cosmology. Attaining very accurate measurements will allow to observe a new range of subtle physical effects (see, for example, Will [1] , Turyshev [2] , Crosta and Mignard [3] , Kopeikin and Gwinn [4] , Kopeikin et al. [5, 6] , Blanchet et al. [7] , Kopeikin [8] , Kopeikin and Makarov [9] , Damour and Nordtvedt [10] , Damour et al. [11] ).
Undoubtedly, light tracing should be conceived in a general relativistic framework. Today General Relativity (GR) is the theory in which geometry and physics are joined together in order to explain how gravity works. The trajectory of a photon is traced by solving the relativistic equations of the null geodesic in a curved spacetime and, at the same time, the detection process usually takes place in a geometrical environment generated by a n-body distribution as could be that of our Solar System, i.e., by a localized gravitationally-bound distribution of masses moving with their velocities and accelerations. Once the physical set-up is defined, the null geodesic should be made explicit according to the corresponding geometry.
Nevertheless the exact solution of the null geodesic is not generally known. Hence, one has to resort to approximation methods. Nowadays several conceptual approaches model the light propagation problem in the relativistic context. Among them, the post-Newtonian (pN) and the post-Minkowskian (pM) approximations are those mainly used (Kopeikin and Schäfer [12] , Kopeikin and Mashhoon [13] , Klioner [14] , Teyssandier and Le Poncin-Lafitte [15] ; and references therein).
The peculiar between the two approximations consists in the fact that pN is based on the assumption of an everywhere-weak gravitational field and of slow motion, while the pM only on the weakness of the gravitational field. This can be formalized [16] by saying that the expansion of the metric tensor can be characterized in powers of a small parameter, 1/c in the pN case [17] and G in the pM approximation (which contains also terms in 1/c). Basically the approximation methods rely upon the idea of being pN as close as possible to the Newtonian theory (absolute time, absolute space, auxiliary Euclidean metric and instantaneous potential) and pM to the Minkowskian interpretation of special relativity (absolute space-time, auxiliary Minkowskian metric and retarded potential) [16] .
In the framework of the pN approximation of GR, the light path is solved using a matching technique which links the perturbed internal solution inside the nearzone of the n-body system with the external one. Applications of this method are adopted, for example, in [14, 18, 19] , where the boundary conditions for the null geodesic are fixed by the coordinate position of the observer and imposing the value of c to the modulus of the light ray vector at past null infinity. However, the expansion of the metric tensor may not be analytic in higher pN approximations [16] . The second pN approximation in propagation of light was investigated by Brumberg in [20] . Advancement on second order pN equations of light propagation are made in Xu et al. [21] or, more recentely, in Teyssandier [22] . Moreover, the analytical solution for light propagation in the gravitational field of one spherically symmetric body in the framework of post-post-Newtonian (ppN) development has been reanalyzed [23] . Analytical formulas have been compared with high-accuracy numerical integrations of the geodetic equations, the latter based on an approximation of the exact analytical solution. The authors found a deviation between the standard post-Newtonian approach and the high-accuracy numerical solution of the geodetic equa-tions which amounts to 16 µ-arcsecond. As reported by Klioner and Zschocke [23] , detailed analysis has shown that the error is of post-post-Newtonian order in contradiction with the analytical estimate. To clarify the problem, standard post-Newtonian and post-post-Newtonian solutions have been derived by retaining terms of relevant analytical orders of magnitude. For each individual term in the relevant formulas exact analytical upper estimates have been found and a compact analytical solution for light propagation is derived up to 1 µ-arcsecond accuracy. The enhanced post-post-Newtonian terms calculated by Klioner and Zschocke, are confirmed recently by Teyssandier [24] On the other hand, Kopeikin and Schäfer [12] , using the pM approximation, solve Einstein's equations in the linear regime by expressing the perturbed part of the metric tensor in terms of retarded Lienard-Weichert potentials. Later, Kopeikin and Mashhoon [13] included all the relativistic effects related to the gravitomagnetic field produced by the translational velocity/spin-dependent metric terms. In these works a special technique of integration of the equation of light propagation [25] with retarded time argument is extended both outside and inside of a gravitating system of massive point-like particles moving along arbitrary world lines. The null geodesic is rewritten as function of two independent parameters, one related to the Euclidean scalar product between the light ray direction and its unperturbed trajectory, and the other derived as the constant impact parameter [26] of the unperturbed trajectory of the light ray. Then, the light trajectory is again traced as a straight line plus integrals, each containing the perturbations encountered, from a source at an arbitrary distance from an observer located within the n-body system.
As a consequence, one more difference between the pN/pM approximations appears in the computation of the light deflection contributions: in the pN scheme this is done by combining the external and internal solution with the technique of asymptotic matching, while the pM method utilizes in addition a semi-analytical integration of the equation of light propagation from the observer to the source with respect to the retarded time considered as argument in the metric tensor. The relativistic perturbations remain expressed in terms of integrals (i.e. a semi-analytical solution) which can be solved analytically in specific cases (i.e. not expressed as a general solution of the differential equation, but as particular solutions for some effects on the light propagation) once the motion of the gravitating bodies is prescribed. The pM approximation is also used by Teyssandier and Le PoncinLafitte [27] that found a way to bypass the solution of the null geodesic in form of differential equations. In this work the authors elaborate the light trajectory with the powerful tool of the Time Transfer Function [28] , worked out throughout a recursive procedure for expanding the Synge's World Function, a covariant method that is conceptually much closer to that of RAMOD, the approach discussed in the present work.
RAMOD stands originally for Relativistic Astrometric MODel, conceived to solve the inverse ray-tracing problem in a general relativistic framework not constrained by a priori approximations. RAMOD is, actually, a family of models of increasing intrinsic accuracy all based on the geometry of curved manifolds ( [29, 30] and reference there-in) where, as this paper proves, light propagation can be expressed in a general relativistic context. An analytical solution of the null geodesic exists in the case of the Parametrized-Post-Newtonian Schwarzschild metric [1, 31] , which, just considering the spherical mass of the Sun, can be implemented for the Gaia mission (Esa, Turon et al. [32] ) and could prove the dilaton-runaway scenario [33] . At present, the RAMOD full solution requires the numerical integration of a set of coupled non linear differential equations, called "master equations", for tracing back the light trajectory to the initial position of the star, and which naturally entangles the contributions of the curvature of the background geometry. A solution of this system of differential equations contains all the relativistic perturbations suffered by the photon along its trajectory due to the intervening gravitational fields. The boundary condition are usually fixed by the required physical measurement [34] . In this context, a semi-analytical solution was found by de Felice and Preti [35] .
This work shows how RAMOD can naturally recover the seminal work of Kopeikin and Schäfer [12] and Klioner [14] . While the third one stems from the general formulation of the second by conforming to its basic conception [18] , RAMOD responds to an inherently different strategy. As far as the invers light ray tracing problem is concerned, in the Kopeikin and Shäfer and Klioner approaches the light ray is reconstructed as a sum of terms which allows for a direct evaluation of the individual relativistic effects, induced by the gravitating bodies, suffered by the light on its way to the observer. RAMOD, instead, aims to determine a full solution for the light trajectory which naturally include, in a curved space-time, all the individual effects; the latters are somewhat hidden in the covariant formalism of this approach and directly contribute to the solutions of the master equations. Evidently, any specific effect one is interested to explore can be independently deduced from our formalism as a branch output, once we adapt the model to a required specific case. A proof of this is given in Crosta and Vecchiato [36] , where a first comparison between RAMOD and GREM (Gaia RElativistic Model, [14] , which employes the pN formulation) was carried out via the extrapolation of the aberrational term in the "local" light direction, i.e., at the observer. Now, if we consider a gravitational field generated by a n-body system, the required accuracy in back tracing the light ray should be consistent with the geometry induced by the system itself. The accuracy is gauged by the virial theorem, i.e., by the ratio v/c, where v is the typical velocity of a body of the system. In this respect, RAMOD3 [29] is developed up to the order (v/c) 2 , namely, it is based on a static geometry of the space-time, whereas the most recent RAMOD4 [30] is the extension of the predecessor to include a dynamical geometry (i.e., all metric terms up to the order (v/c) 3 ), which is accomplished by including also the vorticity contribution proportional to the off-diagonal term g 0i of the metric. Both models introduce the retarded contributions to the metric due to the gravitational influence of the sources on the light path, according to the natural space-time structure. In section III, we discuss how to build an appropriate geometrical set-up in order to handle light propagation through such a space-time. In section IV we present the building process of the differential equations, i.e., the master equations, from which the light trajectory from an observer, located within the n-body system, to a distant star can be reconstructed. We distinguish two cases: (i) the static space-time (RAMOD3), and (ii) its dynamical extension (RAMOD4). An application of RAMOD3 to the euclidean metric is presented in section V, while section VI shows how this last computation allows to parametrize the RAMOD3 master equation as done in [12] . Finally, section VII shows how the velocity of the bodies can enter the metric term simply as a "retarted distance" corrections in RAMOD3-like models.
II. NOTATIONS
In this paper the following notations will be used:
• components of vectorial quantities are indicated with indexes (no bold symbols), where the latin index stands for 1,2,3 and the greek ones for 0,1,2,3;
• regular bold indicates four-vector (e.g. u);
• indexes are raised and lowered with the metric g αβ ;
• n i n i or n i n i stands for the scalar product with respect to the euclidean metric δ ij , whereas l α l α with respect the metric g αβ ;
• c indicates the fundamental speed (equal to the speed of light in vacuum);
• A quantity likeΥ α , represents the tangent vector to a curve Υ;
• P (u) αβ represents the operator which projects orthogonally to its argument.
• x ′α or x α indicate generic four-coordinates, whereas ξ α the Lie-transported ones;
• dot applied over coordinates means derivative with respect to the coordinate time;
• partial derivative with respect to the coordinates are usually indicated by a comma. Instead, the symbol ∂ is adopted in cases where the formulas need to be more explicit and avoid confusion; covariant derivative are indicated with ∇.
III. SETTING UP THE GEOMETRY
The RAMOD framework is based on the small curvature limit, for which the curvature of the background geometry is sufficiently small to neglect non linear terms. The degree of this approximation has in turn to be specialized to the particular case one wishes to model. The first step is to identify the gravitational sources and then fix the background geometry.
Let the space-time be generated by a weakly relativistic gravitationally bound system; in this case the metric is
where η αβ is the flat Minkowskian metric and the h αβ ′ s describe effects generated by the bodies of the system and are small in the sense that |h αβ | ≪ 1. From the virial theorem all forms of energy density within the system must not exceed the maximum amount of the gravitational potential in it, say, U . So, the energy balance requires that
where v is the average relative velocity within the system [37] . Since the latter is weakly relativistic [38] , the h αβ ′ s are at least of the order of (v/c) 2 and the level of accuracy, to which is expected to extend the calculations, is fixed by the order of the small quantity ǫ ∼ (v/c). In summary, the perturbation tensor h αβ contributes with terms even in ǫ to g 00 and g ij (lowest order ǫ 2 ) and with terms odd in ǫ to g 0i (lowest order ǫ 3 , Misner et al. 31); its spatial variations is on the order of |h αβ |, while its time variation is on the order of ǫ|h αβ |. Clearly the metric form (1) is preserved under to infinitesimal coordinate transformations of order |h|.
Under these hypothesis, in order to describe the spacetime evolution of the system, let us introduce a family of physical observers, i.e. a time-like congruence of curves, and consider its vorticity, which measures how a worldline of an observer rotates around a neighboring one. If an open set of the space-time manifold admits a vorticityfree congruence of lines, then it can be foliated (Frobenius theorem, [39, 40] ).
Given a general coordinate space-time representation (
, there exists a family of three-dimensional hypersurfaces S(τ ), or slice, described by the equation:
where τ (x ′ , t ′ ) is a real, smooth and differentiable function of the coordinates. A space-like foliation implies that a unitary one-form u ′ α exists which is everywhere proportional to the gradient of τ (figure 1), namely [31, 39] :
where
and
Evidently the curves tangent to the vector field, i.e.
β , form a congruence of time-like lines C u ′ , everywhere orthogonal to the slices S(τ ). Let us compute the vorticity as the tensor quantity [39] 
where square brackets mean anti-symmetrization and
is a projector operator on S(τ ). Since u
′ , we find that the congruence C u ′ is vorticityfree only up to (v/c) 2 order; namely,
Then, we may affirm that considering only terms up to
, it is the same as assuming that structure of space-time is static. So, does the one-form u ′ α have a physical meaning? Let us introduce a new coordinate system (x 0 , x i ) such that:
where x i are the space-like coordinates defined on each slice. From (9), the congruence of normals now have the following tangent vector field:
, σ is the parameter on the normals, and
Clearly it is
which means that the parameter σ runs uniformly with the coordinate time τ . The congruence C u , however, does not Lie-transport the spatial coordinates x i . From (9) and (A2), the line element can be cast into the form:
where N ≡ ±1/u 0 and N i = u i /u 0 are termed respectively lapse and shift functions (or factors) [31] . In fact, choosing at time τ 1 , say, an arbitrary event P, labeled by the coordinates (τ 1 , x i 1 ), the unique normal through that point will intersect the slice S(τ 1 + ∆τ ) at a point P ′ with spatial coordinates which are shifted from the initial ones by the amount (see appendix A):
The spatial coordinate transformation to be applied, in order to make the shift factor vanish and assure that the congruence of normals will now Lie-transport the spatial coordinates, is:
in which we impose:
Under the above transformation, we clearly have for α = 0:
from (12); and for α = i
But it is:g
Then the vector field tangent to the congruence Cũ which transports the spatial coordinate is:
Let us summarize. First, the vorticity is proportional to the g 0i term of the metric, the lowest order established by equation 8; second, we must bear in mind that, even if metric form (1) holds up to infinitesimal coordinate transformations, the condition that the shift factor is zero is preserved under the above transformation only to the order ǫ 2 . In fact, to the order of ǫ 3 , the terms g ′ 0i will not remain zero if they were so initially. We may affirm that considering only terms up to ǫ 2 ∼ (v/c) 2 , it is the same as assuming that structure of space-time is static, since a static space-time is a stationary spacetime in which the timelike Killing vector field has vanishing vorticity, or equivalently (by the Frobenius theorem) is hypersurface orthogonal, i.e. admits a family of spacelike surfaces of constant time ( [29, 31, 39] ). The parameter σ along the Killing congruence Cũ, such thatũ α = dξ α /dσ, is the proper time of the physical observers who Lie-transport the spatial coordinates. Any hypersurfaces, at each different coordinate time τ , can be considered the rest space of the observerũ. One can require that the world line of the center of mass of the body's system, chosen as origin of coordinates of the gravitational bounded system, belongs to this congruence while the world lines of the bodies would differ from the curves of the congruence by an amount which depends on the local spatial velocity relative to the center of mass; however, at the ǫ 2 order, i.e. neglecting the relative motion of the gravity sources, one can assume that also their world lines belong to that congruence and the geometry that each photon feels is, then, identified with the metricg αβ . To the order of ǫ 3 the shift factor should be retained and so also terms proportional to h 0i (eq. 8). Since we require that the background geometry is weakly relativistic, we can assume that the vorticity is free up to the ǫ 3 order only locally; then the space-time still admits a family of hypersurfaces τ =constant with normals forming a congruence of curves with tangent field u given by (10) . The given coordinate system (x i , τ ), where x i are fixed on each slice, is still centered to the baricenter of the n-body system, but, on the other hand, each slice is not the local rest-space of the observer u. These normals do not in general Lietransport the spatial coordinates x i ; instead they vary along the normals according to the shift law (14) . Any of these observers can be considered at rest with respect to the coordinates x i only locally, and for this reason u is called local barycentric observer.
IV. FROM THE NULL GEODESIC TO THE MASTER EQUATIONS
In the following sections we drop the tilde for the metric. A photon travelling from a distant star to an observer, located within the bounded system, would see the space-time as a time development of the τ = constant slices. Let us now consider a null geodesic Υ k with tangent vector field k α ≡ dξ α /dλ which satisfies the following equations:
here λ is a real parameter on Υ k and Γ α ρσ are the connection coefficients of the given metric. Assume that the trajectory starts at a point P * on a slice S(τ * ) (say) and with spatial coordinates ξ i * . The null geodesic crosses each slice S(τ ) at a point with coordinates ξ i = ξ i (λ(τ )); but this point also belongs to the unique normal to the slice S(τ ), crossing it with a value of the parameter
The point ξ i (λ(τ )) belongs to the null geodesic but also to the unique normal to the slice S(τ ) crossing it with a value of the parameter σ ξ i (λ) (τ ).
fine the one-parameter local diffeomorphism [39] : (22) which maps each point on the null geodesic Υ k with the point on the slice S(τ o ) which one gets to by moving along the unique normal through the point Υ k (λ) ∩ S(τ ), by a parameter distance ∆σ = σ ξ i (λ) (τ o )−σ ξ i (λ) (τ ) (figure 3). Since the spatial coordinates ξ i are Lie-transported along the normals to the slices, then the points in S(τ 0 ), which are images of those on the null geodesic under φ ∆σ , have
The curve in S(τ 0 ) which is the image of Υ k under φ ∆σ , is:
with tangent vector [39] 
This coincides with the projection operation on the rest-space of the observerũ in any point of the mapped trajectory on the silde:
hence the curveῩ is the spatial projection of the null geodesic on the slice S(τ o ) at the time of observation; this curve will be denoted asῩ ℓ and is naturally parameterized by λ. Then from equation (24) by using (19) (whereũ αũ α = −1) or (25) , it follows that:
Clearly by setting α = 0 and from equation (19) we deduce ℓ 0 = 0; moreover, ℓ α is space-like as expected as it is a projection on slice S(τ 0 ) and lies everywhere in it. Since each point ofῩ ℓ is the image under the diffeomorphism φ ∆σ of a point Υ k ∩ S(τ ), it is more convenient to label the points ofῩ ℓ with the value of the parameter σ ξ i (λ) (τ ) which, as we have already said, uniquely identifies that point on the normal to the slice S(τ ) which contains it. Hence, being
we define the new tangent vector field:
In the same way we denotē
so thatk
which implies:
Note that the parameter σ ξ i (λ) is also the one which makes the tangent to the curveῩ unitary. To short the notations, in what follows we denote σ ξ i (λ) as σ. We can now write the differential equation which is satisfied by the vector fieldl. From (27) and (29), equations (21) becomes (see appendix B): In this equation the quantityl βlτ ∇ τũβ can be written explicitly in terms of the expansion Θ ρσ of Cũ [29] , as:
where [39] . Since the only non vanishing components of the expansion are Θ ij = (1/2)∂ 0 h ij , the expansion vanishes identically as consequence of the assumption to neglect time variations of the metric. From this condition equation, after some algebra, (33) becomes to the required order (see appendix C):
If α = 0, equation (32) leads to dl 0 dσ = 0 assuring that conditionl 0 = 0 holds true all along the curveῩ; if α = k equation (32) gives the set of differential equations that we need to integrate to identify the star or the physical effects related to light propagation (see details in appendix D, [41] and [29] ):
These equations determine light propagation in the static case, here and after called RAMOD3 master equations. Let us remark, that this definition does not stand for the "master equation" used in classical or quantum physics; in this context it represents a set of first-order nonlinear differential equation describing evolution of the spatial light direction components according to the prescribed geometry. In the dynamical case, any "local" observers u which are at rest with respect to the coordinates x i locally, once intersected by the null ray will see the light signal along a spatial direction ℓ in his rest space given by (more details can be found in de Felice et al. [30] )
where P (u) α β = δ α β + u α u β this time is the operator which projects orthogonally to the u's. Following the same reasoning of the static case, we parameterize the curve Υ with the parameter σ which makes unitary the locally projected vector field ℓ which we term againl, sol αl α = 1. The differential equation of the null ray, written in terms ofl α , is still given by (32), the only difference being that h 0i = 0, h 00,0 = 0, and h ij,0 = 0. After some algebra, equation (32) now reads:
These equations are named RAMOD4 master equations. Note that in RAMOD4, with respect to RAMOD3, we have one more differential equation for thel 0 component. Term like h k0,0 is redundant at the order of ǫ 3 , but we keep it in order to compare the geodesic equations, as it will be clear in section 6.
V. PARAMETRIZED MAPPED TRAJECTORIES
Let us fix the origin of the coordinates and consider it as the center of mass (CM) of the matter distribution of the n-body system. Let us, also, choice that its spatial coordinates belong to the congruence of curves Cũ. Assume that the mapped spatial photon trajectoryῩl, in the slice τ = τ 0 , belongs to a normal neighbourhood of CM. By definition then, there exist a unique geodesic (in any case spacelike geodesic) Υ ′ connecting CM to any point P ofῩl. Denoting with σ(τ, ξ i ) the parameter alongῩl, with Λ the parameter along each of the curves Υ ′ stemming from CM and such that Λ CM = 0, and with ϕ the homeomorphism which defines the chart containing P in the normal neighbourhood of CM, we have [39] :
The coordinate ξ i can be expressed as:
Applying to both members of the above equation the map Υ ′ −1 • ϕ −1 , we obtain :
namely the Λ implicit dependence on σ at the point P with coordinates ξ i . Denoting as ζ i ≡ dξ i dΛ , the unit tangent to the curve Υ ′ , we define the length of Υ ′ between CM and P as the quantity:
The point of closest approach of the photon to the center of mass, will correspond to the minimum of L. Thus, differentiating (39) with respect to σ, we have
and at the point of closest approach with parameterσ
Let us set Λ(σ) ≡ξ as the impact parameter which represents the distance from P(σ) to CM; this is a constant which labels each mapped photon trajectory on any given slice τ = τ 0 . Recalling that ξ i (Λ(σ)) = ξ i (σ) at any point P of intersection of the curvesῩ with the curve Υ ′ , then, at CM, where ξ i CM = 0 and Λ CM = 0, we have to the first order in Λ:
refers to the tangent vector at the origin of the "unique" spacelike geodesic connecting CM, the origin, to the point P. From (41) we clearly have:
Let us again introduce a new parameter onῩ, namelŷ
then, at a point P onῩ with parameterσ + δτ
But from (42) , at Λ(σ), it is also
hence, at any point P on Υ, we obtain
i.e., the coordinate path of the photon on the slice τ 0 as function of the two parameterξ i andτ . Formula (45) has been obtained for a mapped trajectory and it contains the local spatial direction in integral form. In this sense generalizes the parameterization of Kopeikin and Mashhoon [13] (and any references therein), where, instead, the Euclidean scalar product is used (i.e.l il i = δ ijl ilj ). Hence, if the euclidean scalar product is applied and in case of constant light direction, equation (45) is identically the same. However, by calculating the square modulus of (45) we get
The reader should bear in mind that equation (45) has its validity only up to ǫ 2 and can be traced onto the hypersurface where the photon's trajectory is mapped.
VI. NULL GEODESICS IN COMPARISON
The quantityl α (eq. 28) in RAMOD is the unitary four-vector representing the local line-of-sight of the photon as measured by the local observer u, at rest with respect to the barycenter of the n-body system. In short, it represents a physical entity. Scope of this section is to demonstrate, first, that substituting its coordinate counterpart, within the appropriate approximations, to equation (38) of RAMOD4 is equivalent to recover light geodesic equation in the first post-Minkowskian regime adopted in Kopeikin and Mashhoon [13] or Kopeikin and Schäfer [12] . Second, the above authors parametrize the coordinate expression of the null geodesic to solve the light propagation problem in many physical context, as the literature largely shows, but, as far as RAMOD is concerned, only equation (35) of RAMOD3 recovers the parametrized one (37) in Kopeikin and Mashhoon [13] (equivalent to equation (19) in Kopeikin and Schäfer [12] ). Nevertheless, let us use the definition ofl α ; since it isl 
Let us transform equation (38) of RAMOD4 into its coordinate expression and consider only its spatial part. Neglecting all the contributions non linear in h, from (47) and (12) the left-hand side results:
while the right-hand-side transforms as:
Equating expressions (48) and (49) we get the approximated null geodesic equation (40) in Kopeikin and Schäfer [12] (and references therein), namely in coordinate form:
We remind that the termẍ k is of the order of h because of the order of the geodesic equation itself. Actually, this last result should be expected, since both equations, (38) of RAMOD4 and (40) in Kopeikin and Schäfer [12] , are deduced from the null geodesic (21) in a weakly field regime. Once obtained this equivalence at the h order by using the coordinate expression (47) ofl, in principle one could adopt the same parameterization done, for instance, by Kopeikin and Mashhoon [13] (equation (36) , or [9] , equation (7) and reference therein) in order to find a solution of the master equation in the RAMOD framework applicable to all of the physical cases already presented in the literature in this context. These parameters are: (i) τ , defined as the Euclidean scalar product between the light ray vector and its unperturbed trajectory (eq. (13) in [13] , for example), treated as a non-affine parameter, and (ii)ξ =ξ iξ i , the constant impact parameter of the unperturbed trajectory of the light ray. But as section V shows, this kind of parameterization in RAMOD is possible only in a static space-time where null geodesic can be entirely mapped into a hypersurface simultaneous to the time of observation, i.e. at the ǫ 2 level of accuracy in the linear regime. Then, consistently to the previous reasoning, we need to check if RAMOD3 master equation can be transformed into eq. (36) of Kopeikin and Mashhoon [13] . Therefore, let us adopt the parameterization (45) in case of a constant light direction, say ℓ i 0 ; moreover, let us introduce the impact parameterξ k as done in [25] , i.e. assume the equivalence of the two parameterizations as a consequence of the following change of coordinates:ξ
In this transformation the impact parameterξ k is associated to the coordinate projected orthogonally (with respect to the light direction) by the operator P α β = δ α β −ℓ α ℓ β ; Ξ k represents a correction to the coordinates of the same order of the perturbation term |h| of the metric, and dτ = dσ. Once adopted such a new coordinate system, the partial derivatives should also change according to the following rule:
The next step is to compute the new components of the metric h αβ according to transformations (51): 
We can recast the RAMOD3 master equation by applyng formula (47) and keeping in mind that, all along the mapped photon trajectory, we are not allowed to neglect the derivative of the metric with respect to σ, or the new parameterτ , since they vary, for each Lie-transported spatial coordinate, according the one-parameter local diffeomorphism (23)
which is equivalent, setting ℓ k 0 as a constant, to:
Now, considering also that dh 00 /dτ = P q i h 00,q ℓ i 0 + h 00,τ , we can eliminate the projected term along the corresponding coordinate direction and, after substituting the new metric terms, find:
The last equation is not yet comparable to the one in Kopeikin and Mashhoon [13] , but we have to consider the fact that the non-diagonal term like g 0i in the static case are null, so from (54)
i.e.
Once replaced the right-hand-side of eq. (60) in eq. (58), we straightly get:
which is exactly the same equation (37) Kopeikin and Mashhoon [13] . Actually, at this stage, these authors introduce the four-dimensional isotropic vector k α = (−1, k i ) in order to get the following equation:
In conclusion, as far as RAMOD framework is concerned, equation (61) can be considered as an ordinary, second order differential equation for the perturbation Ξ k in variablesξ α , valid in the domain where ǫ 2 accuracy holds, i.e. where RAMOD3-like master equations must be used.
VII. BODY'S VELOCITY TERMS IN THE METRIC
The integration of the master equations requires to calculate the metric coefficients h αβ , which depends on to the retarded distance r (a) as discussed in [29] and [30] . This means that we have to compute the spatial coordinate distance r (a) from the points on the photon trajectory to the barycenter of the a-th gravity source at the appropriate retarded time and up to the required accuracy. Exploiting the mapping procedure we have used to identify the spatial photon trajectory on the slice at the observation time, we can map on the same slice the trajectory of each body of the system. We shall term ξ i (σ) the spatial coordinates along the spatial photon pathΥ and x i (σ) those on the spatial path of the a-th source,σ being the parameter along its spacetime trajectory (see figure 5) . Evidently, the metric coefficients at each point of the photon's spatial path with parameter σ(τ ) corresponding to the photon's spatial position at the coordinate time τ , are determined by each source of gravity when it was located at a point on its spatial path with parameterσ(τ ′ ), where τ ′ is the retarded time: τ ′ = τ − r (c = 1). The coordinate distances is given by (we drop the suffix (a)):
Since all the functions here are smooth and differentiable, we can expand the coordinates of the gravitating bodies in Taylor series around their position at time τ as:
As reported in papers [29, 30] , the right-hand-side of (63) is equivalent then to (c = 1):
wherev α is the spatial velocity of the source in the rest frame of the barycenter. If we want our model be accurate to ǫ 3 , then it suffices that the retarded distance r contributed to the gravitational potentials, which we recall are at the lowest order ǫ 2 , at least to the order of ǫ. Hence equation (63) leads to:
Evidently, to the order of ǫ 2 (static geometry) the contribution by the relative velocity of the gravitating sources can be neglected. Indeed, in the static case one can further expand the retarded distance in order to keep the terms depending on the planet's velocity up to the desired accuracy. Obviously the gravitational field does not vary as photon moves from the star to the observer, since terms g 0i are null and the time derivatives of the metric are of the order of ǫ 3 , therefore, the effects due body's velocity cannot be related to a dynamical change of the space-time. Actually, the positions of the bodies at different values of the parameterσ(τ ) can be recorded as subsequent snapshots into the mapped trajectories and deduced as postponed corrections in the reconstruction of the photon's path.
VIII. CONCLUSIONS
Most of the information, from the Universe around us, comes in form of electromagnetic waves. While propagating, light interacts with the curvature generated by the encountered mass. Then, it is of utmost importance to reconstruct the whole light path precisely as much as the varying curvature. For such a reason, the covariant RAMOD framework aims to use and preserve as much as possible all the physical quantities needed to reconstruct the history of the photon. As a matter of fact, modelling light propagation is intrinsically connected to the identification of the geometry where photons naturally move. This process can substantially influence the solution of such a problem, since, according to the physical environment where observations take place, appropriate metric terms should be retained or ruled out in the affine connection that contributes to make a null geodesic explicit and integrable.
The result reported here, in the case of RAMOD-like models, represents an improvement in the understanding of how to handle the null geodesic within the accuracy requirements due to the geometry, i.e. the physics of a n-body bound system. To avoid confusion, the reader should bear in mind that the present work does not deal with the description of the n-body dynamics; it considers, instead, how the set-up of the space-time for light FIG. 5 . Mapped curves related to the planet's retarded positions and retarded distance r. The pink line represents the mapped trajectory of the photon, here represented at time τ with a light cone. Also the coordinates of the planet x i (σ(τ )) can be Lie-transported along the congruence of curves and mapped on the same slice (blue line). The contribution to the metric coefficient at each point of the photon's spatial position at coordinate time τ is determined by the source of gravity when it was located at a point on its spatial path, along the light cone, at retarded time τ ′ ; r, in this picture, represents the spatial coordinate distance on slice S(τ0) between the mapped photon's position at coordinates time τ and the mapped source's location at coordinate time τ ′ .
propagation and detection changes without or with the vorticity term, being the latter related to the congruence of curves that foliates the space-time and allows to define a Lie-transported coordinate system. The vorticity term cannot be neglected at the the order of ǫ 3 : the possibility to ignore it locally can be applied only to a small neighborhood with respect to the scale of the vorticity itself. In other words, we have to scrutinize if a measurement can be considered local or not with respect to the curvature [40] .
Within the scale of the Solar System, then, there is none slice which extends from the observer up to the star that emits light. This justifies why only RAMOD3 recovers the parametrization used in Kopeikin and Schäfer [12] , namley when the geometry allows to define a restspace of an observer everywhere. In this regard, this paper proves that in RAMOD3, i.e., a static space-time model, the parameterization (45) is appropriate to solve the light ray tracing problem. Formula (45) has its validity in ǫ 2 regime for a mapped trajectory and it contains the local spatial direction in integral form. It generalizes the parameterization used in Kopeikin and Schäfer [12] and, consistently, the RAMOD3 master equations, once converted into a coordinate form, recover the analytical linearized case discussed by Kopeikin and others.
Consequentely, those master equations are solvable with the same technique and may include any detectable relativistic effects associated to the light propagation in that context, but only at ǫ 2 level of accuracy.
Instead, the RAMOD4 model, i.e. the case of a dynamical space-time, fully preserves the "active" contents of gravity. Let us remind that formulas (37) and (38) are not contemplated in other approaches: only equation (38) , referred to the spatial components, can be reduced, once transformed into a coordinate form, to the equation of propagation of photons in a weak gravitational field in the first pM approximation, as demonstrated in this paper. Actually, RAMOD4 master equations define a set of nonlinear differential equation for the four-vectorl, the spatial local-line-of-sight as measured in the rest-space of a local barycentric observer which feels the gravitational field according to (10) . This family of observers can defined in each event of the space-time, then also at the observer's location. Methods to solve light tracing analytically in RAMOD4 are under investigations; to this class of methods belongs the semi-anlytical solution of de Felice and Preti [35] .
A new analytical solution for the RAMOD master equations will surely represent a substantial improvement for the light propagation problem, since RAMOD "recipe", based on General Relativity, can tackle light tracing and detection to any order of accuracy and, even more important, consistently with the space-time geometrical set-up. This fact reflects the main purpose of the RAMOD approach which is to express the null geodesic, or the equivalent master equations, by all the physical quantities entering the process of observation, in order to entangle globally all the possible interactions of light with the background geometry. Keeping the physical aspects of the problem guarantees the consistency of the measured physical effects with the intrinsic accuracy of the space-time. A preferred role is played in RAMOD by the local-line-of-sight, the main unknown of the master equations, which represents what locally the observer measures of the collected light. At the time of observation it represents the boundary condition to solve uniquely the light path. In a second step, once the light is traced back, any hidden subtle relativistic effects can be split by the global solution case by case, also according to the different level of accuracy needed, and finally quantified by a suitable coordinates system.
As a concluding remark, by recovering results already presented in the literature, what this paper clearly establishes is the full potential of the RAMOD construct: its general covariant formulation represents a well defined framework where any desired advancement in the light tracing problem and its subsequent detection as physical measurement can be contemplated.
So the above geodesic equation becames:
Finally, dividing each member by (u | k) 2 we find the geodesic equation (32) . + e 3ϕ g 0(ρ ∂ σ) g 00 + 1 2 e 5ϕ g 0(σ g ρ)0 ∂ 0 g 00 .
Finally, by summing terms (C3) and (C3), we obtain: Θ ρσ = 1 2 e ϕ ∂ 0 g ρσ + e 3ϕ g 0(ρ ∂ |0| g σ)0 + 1 2 e 5ϕ g 0(σ g ρ)0 ∂ 0 g 00 .
It is easy to see that for ρ = i and σ = j the last equation becomes:
implying for condition C1
Instead, for ρ = 0 and σ = i: by which, again, from equation C1 we get:
=⇒ ∂ 0 g 00 = 0.
Appendix D: Calculations for formula (35) The spatial null geodesic with respect to the expansionfree congruence Cũ is:
To the first order in h we have: 
